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We present a theory of the anomalous Hall effect in a topological Weyl superconductor with
broken time reversal symmetry. Specifically, we consider a ferromagnetic Weyl metal with two Weyl
nodes of opposite chirality near the Fermi energy. In the presence of inversion symmetry, such
a metal experiences a weak-coupling Bardeen-Cooper-Schrieffer (BCS) instability, with pairing of
parity-related eigenstates. Due to the nonzero topological charge, carried by the Weyl nodes, such a
superconductor is necessarily topologically nontrivial, with Majorana surface states coexisting with
the Fermi arcs of the normal Weyl metal. We demonstrate that, surprisingly, the anomalous Hall
conductivity of such a superconducting Weyl metal coincides with that of a nonsuperconducting one,
under certain conditions, in spite of the nonconservation of charge in a superconductor. We relate
this to the existence of an extra (nearly) conserved quantity in a Weyl metal, the chiral charge.
I. INTRODUCTION
The focus in the explosively growing field of nontrivial
electronic structure topology has recently shifted from
gapped insulators1,2 to gapless metallic systems. This
shift, partially anticipated in earlier work,3–7 was initi-
ated by the theoretical discovery of Weyl semimetals,8–12
which, along with closely related Dirac semimetals,13–15
have now been realized experimentally.16–20
Weyl points act as monopole sources of Berry curva-
ture in momentum space. As a result, a Fermi surface
sheet, enclosing an individual Weyl node, acquires a topo-
logical invariant, the Chern number, given by the flux
of the Berry curvature through the Fermi surface sheet.
This leads to both spectroscopic manifestations in the
form of Fermi arc surface states,8,21 and manifestations
in electromagnetic response, in particular the anomalous
Hall effect22–25 and the longitudinal negative magnetore-
sistance.26–29 Such topological response is of particular
interest since it represents a manifestation of the coher-
ent quantum mechanical behavior of the electrons in a
given material on macroscopic scales.
Macroscopic quantum coherent behavior also often re-
sults from electron-electron interactions and particularly
interesting phenomena may arise when nontrivial elec-
tronic structure topology and electron-electron interac-
tions work in unison, a prime example being the frac-
tional quantum Hall effect. This motivates one to con-
sider the issue of the interplay of electron-electron inter-
actions and the momentum-space monopole topology in
Weyl metals.
In this paper we look at the electromagnetic response
of a Weyl superconductor,30–38 namely a Weyl metal that
has become superconducting. Of particular interest in
this context are magnetic Weyl metals, since in this case
superconductivity is automatically topologically nontriv-
ial, with nodes in the gap function and Majorana surface
states coexisting with the Fermi arcs of the Weyl metal.
Thus the question of the anomalous Hall effect (AHE) in
a topological Weyl superconductor arises naturally.
AHE in topological superconductors with broken time
reversal symmetry has been studied extensively in recent
years.39–47 Since particle number conservation is violated
in the superconducting state, one finds that the anoma-
lous Hall conductivity is generally nonuniversal, depend-
ing on the nature of pairing, impurities, etc. In con-
trast, we find that in a superconducting Weyl metal with
broken time reversal symmetry, the anomalous Hall con-
ductivity retains the universal form of the normal Weyl
metal, being proportional to the internode distance in
momentum space. We demonstrate that this is a conse-
quence of the emergence of a new conserved quantity in
a Weyl metal, the chiral charge. Unlike the total charge,
the conservation of chiral charge is unaffected by super-
conductivity, which protects the universality of the Hall
conductivity.
The rest of the article is organized as follows. In Sec-
tion II we introduce a model of a superconducting Weyl
metal we will use and recap its main properties. In Sec-
tion III we evaluate the anomalous Hall conductivity of
the superconducting Weyl metal by coupling the elec-
trons to electromagnetic field and integrating out both
the electron fields and the phase of the superconduct-
ing order parameter. This gives an induced action for
the electromagnetic field only, from which the anoma-
lous Hall conductivity may be read off. We conclude in
Section IV with a discussion of our results and conclu-
sions.
II. WEYL SUPERCONDUCTOR WITH
BROKEN TIME REVERSAL SYMMETRY
We start from the multilayer model of a magnetic Weyl
semimetal, introduced in Ref. 10. The advantage of this
model is its simplicity, so that all of the calculations may
be done analytically. At the same time, this model cap-
tures all of the essential properties of a generic Weyl
ar
X
iv
:1
60
5.
05
73
4v
2 
 [c
on
d-
ma
t.s
up
r-c
on
]  
22
 A
ug
 20
16
2semimetal with broken time reversal symmetry.
The momentum space Hamiltonian of the magnetic
multilayer structure has the form
H0 = vF τ
z(zˆ × σ) · k + tˆ(kz) + bσz. (1)
Here zˆ is the growth direction of the multilayer, the eigen-
states of τz describe the top and bottom surfaces of the
topological insulator (TI) layers, σ are Pauli matrices,
describing the real spin degree of freedom and the bσz
term corresponds to the exchange spin splitting in the
ferromagnetic states of the multilayer. h¯ = 1 units are
used in Eq. (1) and in the rest of the paper. The operator
tˆ(kz) is given by
tˆ(kz) = tSτ
x +
tD
2
(τ+eikzd + h.c.), (2)
and describes the motion of the electrons in the growth
direction of the multilayer. tS,D > 0 are amplitudes,
corresponding to tunneling between surface states within
the same (S) or neighboring (D) TI layers, and d is the
superlattice period in the growth direction.
The eigenvalues of Eq. (1) correspond to four bands,
two of which touch at a pair of Weyl points, separated
along the z-axis in momentum space. We will assume
that the Fermi energy F is close to the location of
the Weyl nodes, which is exactly at zero energy due to
particle-hole symmetry of the model. While this particle-
hole symmetry is generally not present, it does charac-
terize low-energy states near the Dirac point, which oc-
curs in our model when tS = tD at k = (0, 0, pi/d). In
what follows we will assume that |tS − tD| is small, while
b  tS , i.e. the important low-energy states are not far
from the Dirac point. In this case, particle-hole symme-
try may be assumed to be approximately present.
For the subsequent discussion of superconductivity
in this model, it is convenient to partially diagonalize
Eq. (1) in order to separate the pair of bands that touch
at the Weyl nodes from the other pair. This separation
is accomplished by the canonical transformation
σ± → τzσ±, τ± → σzτ±, (3)
which gives
H0 = vF (zˆ × σ) · k + mˆ(kz)σz, (4)
where
mˆ(kz) = b+ tˆ(kz). (5)
The operator mˆ(kz) may now be diagonalized separately,
which accomplishes the desired separation into high- and
low-energy states. Namely, the eigenvalues of mˆ(kz) have
the form
mr(kz) = b+ rt(kz) ≡ b+ r
√
t2S + t
2
D + 2tStD cos(kzd),
(6)
where r = ±. The two low-energy bands correspond to
r = −. They touch at two Weyl points, whose location is
given by the solution of the equation m−(kz) = 0. The
4×4 Hamiltonian H0 separates into two independent 2×2
blocks H0r.
We will assume that the pairing interaction has the
simplest local s-wave form and is diagonal in the band
index r, corresponding to pairing of parity-related eigen-
states (this assumption is physically reasonable and does
make calculations analytically tractable, but is not essen-
tial as far as the final results are concerned)
Hint = −U
∫
d3x
∑
rr′
c†r↑(x)c
†
r↓(x)cr′↓(x)cr′↑(x). (7)
Decoupling the pairing interaction in the standard BCS
mean-field approximation, we obtain
H =
∑
rk
[vF (zˆ × σ) · k +mr(kz)σz − F ] c†r(k)cr(k)
+ ∆c†r↑(k)c
†
r↓(−k) + ∆†cr↓(−k)cr↑(k), (8)
where
c†(x) =
1√
V
∑
k
c†(k)e−ik·x. (9)
As evident from Eq. (8) we will assume that the pairing
occurs in the BCS channel, i.e. the states with opposite
momenta k and −k are paired. These states are related
by the exact inversion symmetry, that we assume to be
present in our system. For this, and also for phase space
reasons, the BCS pairing state is much more likely to be
realized in our system than other kinds of superconduct-
ing states, as discussed in detail in Ref. 34.
To find the eigenstates of the BCS Hamiltonian we
introduce the following Nambu spinor notation
Ψ(k) = [c↑(k), c↓(k), c
†
↓(−k), c†↑(−k)]
≡ [Ψ1↑(k),Ψ1↓(k),Ψ2↑(k),Ψ2↓(k)], (10)
where the indices 1, 2 label the particle and hole compo-
nents of the Nambu spinor correspondingly. Taking ∆ to
be real, and introducing Pauli matrices τ that act on the
particle-hole indices, we obtain
Hr = vF (zˆ × σ) · k +mr(kz)σz − F τz + ∆τxσz. (11)
The eigenvalues of Eq. (11) are given by
srp(k) ≡ srp(k)
= s
√
2r(k) + 
2
F + ∆
2 + 2p
√
2r(k)
2
F + ∆
2m2r(kz),
(12)
where s, p = ± and r(k) =
√
v2F (k
2
x + k
2
y) +m
2
r(kz).
The two particle-hole antisymmetric states, correspond-
ing to r = − and p = − touch at four points along the
z-axis in momentum space, given by the equation
m−(kz) = ±
√
2F + ∆
2. (13)
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FIG. 1. Plot of the band dispersion s−p(k) along the z-axis
in momentum space for tS = 1, tD = 0.95, b = 0.7, F =
0.2,∆ = 0.1. The zero of kz has been shifted to kz = pi/d for
presentation convenience.
The superconducting gap thus has four nodes, which is
inevitable due to the nonzero flux of the Berry curvature
through the two Fermi surface sheets, each enclosing a
Weyl point,37 see Fig. 1. In close analogy to the nor-
mal Weyl semimetal, the four nodes may be regarded as
transition points in momentum space, at which topology
of the Hamiltonian Eq. (11) changes. Correspondingly,
there exist Majorana arc surface states, which connect
projections of the node locations onto the surface Bril-
louin zone (BZ),30,33,34,37 i.e. Eq. (11) describes a topo-
logical superconductor with broken time reversal symme-
try.
III. ANOMALOUS HALL CONDUCTIVITY OF
THE WEYL SUPERCONDUCTOR
To describe the electromagnetic response of the Weyl
superconductor we couple electrons to electromagnetic
field and integrate out the fermionic degrees of freedom
to obtain an induced action for the electromagnetic field
only. In a superconductor this procedure is complicated
by the fact that not only the bare electronic degrees of
freedom need to be integrated out, but also the emergent
degrees of freedom of the superconducting state, in par-
ticular the phase of the superconducting order parameter
(amplitude fluctuations are massive and may be ignored).
We start from an imaginary time action
S =
∫ β
0
dτ
∫
d3x
∑
r
[
c†r(x, τ)(∂τ +H0r − F )cr(x, τ)
+ ∆(x, τ)c†r↑(x, τ)c
†
r↓(x, τ) + ∆
†(x, τ)cr↓(x, τ)cr↑(x, τ)
+
1
U
|∆(x, τ)|2
]
, (14)
where the crystal momentum k in Eq. (1) has been re-
placed by −i∇ (we will ignore the distinction between
continuum and lattice gradients here as it will not be im-
portant in what follows). We couple the electromagnetic
field to the electrons by making a replacement
− i∇→ −i∇+ eA(x, τ), ∂τ → ∂τ + eA0(x, τ), (15)
and perform a gauge transformation
c(x, τ)→ c(x, τ)eiθ(x,τ), (16)
where 2θ(x, τ) is the phase of the superconducting or-
der parameter ∆(x, τ). We will take |∆(x, τ)| ≡ ∆ to
be constant, as fluctuations of the magnitude of the or-
der parameter do not affect the electromagnetic response
qualitatively. For notational convenience we will intro-
duce new variables
A˜µ = Aµ +
1
e
∂µθ, (17)
since the electromagnetic fields and the derivatives of the
phase of the superconducting order parameter always en-
ter the action in such combinations due to gauge invari-
ance.
Passing to the Nambu notation and Fourier transform-
ing, we obtain
S =
∑
k,iω
∑
k′,iω′
∑
r
[G−10r (k, iω)δkk′δωω′ + δG−1r (k, iω|k′, iω′)]
× Ψ†r(k, iω)Ψr(k′, iω′), (18)
where
G−10r (k, iω) = −iω+vF (zˆ×σ)·k+mr(kz)σz−F τz+∆τxσz,
(19)
and
δG−1r (k, iω|k′, iω′) =
e√
V β
[
A˜0(k− k′, iω − iω′)
+
1
e
∂Hr(k
′)
∂k′
· A˜(k− k′, iω − iω′)
]
τz. (20)
It is implicit that the sums over k are restricted to half
the momentum space to compensate for the doubling of
degrees of freedom when introducing the Nambu spinor
notation.
Integrating out the Nambu fields, we obtain, at second
order in the gauge fields A˜µ
S =
1
2
∑
k,iω
∑
k′,iω′
∑
r
TrG0r(k, iω)δG−1r (k, iω|k′, iω′)
× G0r(k′, iω′)δG−1r (k′, iω′|k, iω), (21)
which takes the following general form
S =
1
2
∑
q,iΩ
Π˜µν(q, iΩ)A˜µ(q, iΩ)A˜ν(−q,−iΩ), (22)
where µ, ν = 0, x, y, z and summation over repeated in-
dices is implicit. To obtain the measurable electromag-
netic response, we need to further integrate out the phase
of the superconducting order parameter, which enters in
Eq. (22). Explicitly, we have
S = SAA + Sθθ + SAθ, (23)
4where
SAA =
1
2
∑
q,iΩ
Π˜µν(q, iΩ)Aµ(q, iΩ)Aν(−q,−iΩ), (24)
Sθθ =
1
2
∑
q,iΩ
qµqνΠ˜µν(q, iΩ)θ(q, iΩ)θ(−q,−iΩ), (25)
with q0 ≡ −iΩ, and, finally
SAθ =
i
2
∑
q,iΩ
[
qµΠ˜µν(q, iΩ)θ(q, iΩ)Aν(−q,−iΩ)
− qνΠ˜µν(q, iΩ)Aµ(q, iΩ)θ(−q,−iΩ)
]
. (26)
Integrating out θ(q, iΩ), we obtain42
S =
1
2
∑
q,iΩ
Πµν(q, iΩ)Aµ(q, iΩ)Aν(−q,−iΩ), (27)
where
Πµν = Π˜µν − qµ
′qν′Π˜µµ′Π˜ν′ν
qαqβΠ˜αβ
. (28)
We will be interested only in the “topological” part of
the electromagnetic response, which has the appearance
of a Chern-Simons term and thus contains components of
the form ijA0∂iAj and ij∂τAiAj , where 
ij is the fully
antisymmetric tensor. This implies that the correspond-
ing components of the response function Π˜µν(q, iΩ) are
of the form
Π˜0i(q, iΩ) ∼ ijqj , Π˜ij(q, iΩ) ∼ iΩij . (29)
We will restrict ourselves exclusively to the DC limit of
the topological response, which is obtained by taking the
limit of q → 0 first, followed by Ω → 0.23 Taking these
limits in Eq. (28) while keeping in mind Eq. (29), we
obtain
Π0i(q, iΩ) ≈ − qj
iΩ
Π˜ij(q, iΩ), (30)
and
Πij(q, iΩ) ≈ Π˜ij(q, iΩ), (31)
which means that the DC response is fully determined by
the corresponding limit of the function Π˜ij(q, iΩ). Note
that, given Eq. (31), Eq. (30) is dictated by gauge invari-
ance, which requires qµΠµν = 0. The fact that Π0i(q, iΩ)
vanishes in the DC limit reflects perfect screening of the
density response to magnetic field by the supercurrent.
The DC Hall conductivity, which we are interested in,
may then be obtained as
σxy = lim
iΩ→0
Π˜xy(0, iΩ)
iΩ
, (32)
which coincides with the standard Kubo formula expres-
sion. Using Eqs. (19),(20), and (21) we obtain
σxy =
e2v2F
V
∑
rk
nF [s′rp′(k)]− nF [srp(k)]
[s′rp′(k)− srp(k)]2
× Im
[
〈zsrp(k)|τzσy|zs′rp′(k)〉〈zs′rp′(k)|τzσx|zsrp(k)〉
]
,
(33)
where |zsrp(k)〉 are the eigenvectors of Eq. (11) corre-
sponding to the eigenvalues srp(k). Unlike the analogous
expression for the Hall conductivity of a normal metal or
an insulator, Eq. (33) can not generally be rewritten in
terms of an integral of the Berry curvature over the occu-
pied states due to the presence of the operator τz, which
acts on the Nambu particle-hole indices and reflects the
nonconservation of charge in a superconductor.
To proceed, we will first evaluate Eq. (33) in the limit
F = 0, i.e. the Fermi energy in the normal state coincid-
ing with the Weyl nodes, since this limit is particularly
simple to analyze and understand. We will then general-
ize our results to the case F 6= 0.
A. Hall conductivity at F = 0
Simplification in the F = 0 limit stems from the fact
that in this case the Hamiltonian Eq. (11) breaks up into
two independent blocks, acting onto the spin and the
particle-hole pseudospin subspaces. Diagonalizing the
pseudospin block of the Hamiltonian one obtains
Hrp = vF (zˆ × σ) · k + [mr(kz) + p∆]σz, (34)
where, as before, p = ± labels the particle-hole
symmetric and particle-hole antisymmetric eigenstates.
Viewing Hrp as Hamiltonians describing fictitious two-
dimensional systems, parametrized by kz, there are topo-
logical phase transitions, characterized by the change of
sign of the Dirac masses at mr(kz) = ±∆.30 The eigen-
values, and the corresponding eigenvectors, are given by
srp(k) ≡ srp(k) = s
√
v2F (k
2
x + k
2
y) +m
2
rp(kz), (35)
where mrp(kz) = mr(kz) + p∆, and
|zsrp(k)〉 = 1√
2
(√
1 + s
mrp(kz)
p(k)
,−iseiφ
√
1− smrp(kz)
p(k)
)
⊗ 1√
2
(1, p), (36)
where eiφ = k+/
√
k2x + k
2
y. Substituting these into the
expression for the Hall conductivity, Eq. (33), we obtain
σxy =
e2v2F
V
∑
rk
mr+(kz)−(k) +mr−(kz)+(k)
r+(k)r−(k)[r+(k) + r−(k)]2
, (37)
5which, upon evaluating the integral over the transverse
momentum components kx,y, gives
σxy =
e2
8pi2
∑
r
∫ pi/d
−pi/d
dkz
{(
1− ∆
2
3m2r(kz)
)
sign[mr(kz)]
× Θ(|mr(kz)| −∆) + 2mr(kz)
3∆
Θ(∆− |mr(kz)|)
}
. (38)
This expression contains two distinct terms, correspond-
ing to two physically different contributions to the Hall
conductivity. The first term arises from the interval of
kz, where |mr(kz)| > ∆. In this interval the Fermi arcs of
the nonsuperconducting Weyl semimetal still exist. The
corresponding contribution to the Hall conductivity, how-
ever, is not simply proportional to the length of the Fermi
arcs, as in the normal state, but contains a nonuniversal
contribution, proportional to ∆2, which is to be expected
as the superconducting state violates charge conserva-
tion. The second term comes from the interval in which
∆ > |mr(kz)|, which we assume may only be satisfied for
the r = − pair of bands near the locations of the Weyl
nodes, where the bands touch and thus m−(kz) = 0. In
this interval Fermi arcs are replaced by Majorana arcs,
which by themselves do not contribute to the Hall con-
ductivity as they are neutral at zero energy. The second
term thus arises from the bulk states.
Thus, at first sight, the anomalous Hall conductivity
of a Weyl superconductor is no longer universal, which
is, in principle, to be expected due to violation of the
charge conservation in a superconductor. Closer inspec-
tion of Eq. (38), however, shows that this conclusion in
the case of a Weyl superconductor is premature. Indeed,
assuming ∆  b, which is a physically reasonable as-
sumption (although it may not be the case always), the
second term clearly vanishes upon integration over kz,
as m−(kz) changes sign at each Weyl point and varies
linearly near it. The contribution of the term, propor-
tional to ∆2 may be easily estimated perturbatively in b.
Since at b = 0 the contribution of this term, along with
the rest of the Hall conductivity, vanishes, the leading
contribution is proportional to b and is given by∑
r
∫ pi/d
−pi/d
dkz
∆2
3m2r(kz)
sign[mr(kz)]Θ(|mr(kz)|−∆) ∼ ∆
2b
t3Sd
,
(39)
where we have assumed, as before, that |tS − tD|  tS .
This means that this contribution vanishes if the band
dispersion away from the Weyl points is taken to be
strictly linear, which corresponds to sending tS to in-
finity relative to all other energy scales. Thus, as long as
the band dispersion away from the Weyl nodes is taken
to be strictly linear, the anomalous Hall conductivity is
given by
σxy =
e2
8pi2
∑
r
∫ pi/d
−pi/d
dkzsign[mr(kz)]Θ(|mr(kz)| −∆)
=
e2
8pi2
∑
r
∫ pi/d
−pi/d
dkzsign[mr(kz)] =
e2K
4pi2
, (40)
where
K = 2
d
arccos
(
t2S + t
2
D − b2
2tStD
)
, (41)
is the separation between the Weyl nodes in momentum
space in the normal state. Linearity if the band disper-
sion near the Weyl nodes was also assumed in going from
the first to the second line of Eq. (40).
Thus, the conclusion we may draw is that, in spite
of the fact that the charge conservation is violated by
superconductivity, the Hall conductivity of a Weyl su-
perconductor retains the universal value, characteristic
of the nonsuperconducting Weyl semimetal, as long the
the dispersion away from the Weyl nodes may be taken
to be linear. This result is in contrast to what one would
normally expect for a superconductor with broken time
reversal symmetry and may be regarded as a manifes-
tation of the nonrenormalization of chiral anomaly by
superconductivity.38
B. Hall conductivity at F > 0
The above results may be generalized to the more nat-
ural case of a Weyl metal with a finite Fermi energy,
which we take for concreteness to be positive. The calcu-
lation in this case is significantly more tedious, but the
end results are still relatively simple. We obtain
σxy =
e2v2F
V
∑
rk
mr(kz)
1− 4(2F + ∆2)/[r+(k) + r−(k)]2
r+(k)r−(k)[r+(k) + r−(k)]
.
(42)
After integration over kx,y this gives
σxy =
e2
8pi2
∑
r
∫ pi/d
−pi/d
dkz
{[
1 +
∆2
2F
− ∆
2|mr(kz)|
23F
× log
( |mr(kz)|+ F
|mr(kz)| − F
)]
sign[mr(kz)]
× Θ
[
|mr(kz)| −
√
2F + ∆
2
]
+
mr(kz)
F
[√
1 +
∆2
2F
− ∆
2
22F
log
(√
2F + ∆
2 + F√
2F + ∆
2 − F
)]
× Θ
[√
2F + ∆
2 − |mr(kz)|
]}
, (43)
which reduces to Eq. (38) in the limit F → 0. Assuming
F  tS , one finds, just as in the F = 0 case, that the
leading correction to the normal-state Hall conductivity
is O(e2∆2b/t3Sd) and is thus negligible. Thus we obtain,
taking ∆→ 0 in Eq. (43)
σxy =
e2
8pi2
∑
r
∫ pi/d
−pi/d
dkzsign[mr(kz)]Θ[|mr(kz)| − F ]
+
mr(kz)
F
Θ[F − |mr(kz)|], (44)
6which coincides with the known result for the anomalous
Hall conductivity of a normal Weyl metal.23 Moreover,
as first explained in Ref. 23, as long as F  b  tS ,
correction to σxy from a nonzero Fermi energy is also
negligibly small, being O(e2F b/tSd). Thus, we arrive as
the conclusion that the anomalous Hall conductivity of a
superconducting Weyl metal retains a universal form of
Eq. (40), with small corrections, related to nonlinearity
of the band dispersion near the Weyl nodes.
IV. DISCUSSION AND CONCLUSIONS
The result we have obtained, that the anomalous Hall
conductivity of a superconducting Weyl metal is approxi-
mately unaffected by superconductivity, appears, at first
sight, rather strange. Indeed, universality of the Hall
conductivity in a gapped quantum Hall insulator, or in
a Weyl semimetal, depends crucially on charge conser-
vation. This may be seen, for example, from Eq. (38).
The integrand in Eq. (38) at a fixed value for kz gives
the Hall conductivity of a two-dimensional (2D) quan-
tum Hall insulator, in the presence of superconductivity.
There is clearly a nonzero correction, even when ∆ < |m|,
i.e. even before the transition to a 2D topological super-
conductor. This expresses the fact that even in gapped
quantum Hall insulator, the Hall conductivity becomes
nonquantized in the presence of superconductivity, due
to the violation of charge conservation. However, in the
3D Weyl semimetal case, these corrections cancel each
other out when the integration over kz is performed and
the Hall conductivity remains the same as in the normal
state. This must be a consequence of some remaining
symmetry, or a conservation law, which is not violated
by superconductivity and which protects the universal
value of the Hall conductivity of a Weyl semimetal. This
conservation law is the conservation of chiral charge.
Indeed, the electromagnetic response of a nonsuper-
conducting Weyl semimetal may be described by a topo-
logical term in the induced action for the electromagnetic
field48,49
S =
e2
32pi2
∫
dtd3xθ(x)µναβFµνFαβ
= − e
2
8pi2
∫
dtd3x∂µθ(x)
µναβAν∂αAβ , (45)
where θ(x) = 2b · x, and b is the vector, describing the
momentum-space separation between the Weyl nodes (re-
stricting ourselves to only a single pair of nodes for sim-
plicity). An immediate consequence of Eq. (45) is the
anomalous Hall effect, with a universal conductivity, de-
termined only by the vector b
jν =
e2
2pi2
bµ
µναβ∂αAβ . (46)
On the other hand, Eq. (45) is equivalent to the anoma-
lous conservation law for the chiral charge, or the chiral
anomaly
∂µj
µ
5 =
e2
16pi2
µναβFµνFαβ , (47)
where
j05 = ψ
†
RψR − ψ†LψL, (48)
is the chiral charge,
j5 = ψ
†
Rγ
0γψR − ψ†Lγ0γψL, (49)
is the chiral current, the R,L indices refer to the right-
and left-handed Weyl fermions, and γµ are the corre-
sponding Dirac γ-matrices. Eq. (47) holds as long as the
chiral charge is conserved (in the absence of the electro-
magnetic field), i.e. as long as the action is invariant with
respect to the transformation
ψR → ψReiθ, ψL → ψLe−iθ. (50)
Importantly, BCS superconductivity, with pairing of
parity-related eigenstates, does not violate the chiral
symmetry, expressed by Eq. (50), even though it does
violate the ordinary charge conservation symmetry
ψR → ψReiθ, ψL → ψLeiθ. (51)
This connection between the Hall conductivity and the
chiral anomaly in a Weyl semimetal guarantees that the
Hall conductivity is unaffected by superconductivity, as
long as the chiral charge may be regarded as a conserved
quantity. When is the chiral charge conserved?
In the condensed matter context, chiral symmetry,
or chiral charge conservation, is an emergent property
of Dirac band-touching points at time-reversal invariant
momenta (TRIM) in the first BZ. Indeed, the most gen-
eral time-reversal and parity-invariant momentum-space
Hamiltonian, describing a system with four low-energy
states, i.e. two spin and two orbital states (this is the
minimal number of states, necessary to realize a Dirac
point) may be written as50
H(k) = d0(k)I +
5∑
a=1
da(k)Γ
a, (52)
where Γa are the five matrices, realizing the Clifford al-
gebra {Γa,Γb} = 2δab, even under the product of parity
and time reversal PΘ. The five Γ-matrices are given by50
Γ1 = τx, Γ2 = τy, Γ3 = τzσx, Γ4 = τzσy, Γ5 = τzσz,
(53)
where τ and σ are Pauli matrices, acting on the or-
bital and spin degrees of freedom correspondingly and
the parity operator P = τx. The multilayer Hamiltonian
Eq. (1), without the time-reversal breaking term bσz, is
7precisely of this form with
d0(k) = 0,
d1(k) = tS + tD cos(kzd),
d2(k) = −tD sin(kzd),
d3(k) = vF ky,
d4(k) = −vF kx,
d5(k) = 0. (54)
Suppose a Dirac band touching point is realized at
a TRIM Γ. In this case we have da(Γ) = 0 (we set
d0(Γ) = 0, which simply defines the zero of energy).
The particle-hole symmetry violating term d0(k) and the
Dirac mass term d1(k) are both even under parity. Their
Taylor expansion in the vicinity of Γ thus starts with
terms, quadratic in δk = k−Γ, which may, to the first ap-
proximation, be ignored. The other four coefficients are
all odd under parity and their Taylor expansions near Γ
must thus involve terms, linear in δk, or cubic and higher.
The matrix coefficients of the linear terms, proportional
to δkx,y,z, determine the three Dirac γ-matrices γ
i with
i = 1, 2, 3 as
H(k) ≈ γ0(vxγ1δkx + vyγ2δky + vzγ3δkz), (55)
where γ0 ≡ Γ1, and vx,y,z are the Fermi velocities, cor-
responding to the x, y, z directions. Once the four basic
Dirac γ-matrices are defined, the chiral charge operator
for this particular Dirac point is then given by
γ5 = iγ0γ1γ2γ3. (56)
Since γ5 anticommutes with the four Dirac matrices
γµ, it commutes with H(k), but only as long as the
terms, quadratic in δk, may be ignored. Once the
quadratic (and higher-order) terms are included, the
Dirac mass term, proportional to γ0, is present in H(k)
and [H(k), γ5] 6= 0, i.e. the chiral charge is not conserved.
It is in this sense that any Dirac point at TRIM has an
emergent chiral symmetry. If the Dirac point is split into
a pair of Weyl points, the resulting Weyl semimetal will
also possess an approximate chiral symmetry, as long as
the splitting is small compared to the size of the BZ, and
thus the chiral symmetry violating terms in the Taylor
expansion of d1(k) may still be ignored.
In this paper we have studied the simplest case of only
a single pair of Weyl points. However, our arguments
may be easily generalized to multiple pairs, each emerg-
ing from its own parent Dirac point at a specific TRIM.
Since BCS superconductivity in our context involves pair-
ing between parity-related eigenstates and TRIM are
parity-invariant, the BCS pairing term does not mix
states near different Dirac points. Thus the problem re-
duces to the one considered above.
In conclusion, we have studied the electromagnetic re-
sponse of a topological Weyl superconductor with bro-
ken time reversal symmetry. We have found that, under
natural conditions, the anomalous Hall conductivity of a
Weyl superconductor coincides with that of a nonsuper-
conducting Weyl semimetal. We have connected this un-
expected result with the appearance of a new conserved
quantity in a Weyl semimetal, the chiral charge.
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